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Abstract
The Belinski-Khalatnikov-Lifshitz scenario concerns the existence of generic singularity of
general relativity. At the singularity, there is a breakdown of all known laws of physics.
Quantization of this scenario leads, however, to regular quantum evolution. The singularity
is avoided by a quantum bounce. It is fairly probable that quantum general relativity, to be
constructed, would be free from singularities. Thus, it could be used to address issues such as
the quantum fates of cosmological and black holes singularities.
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Based on the assumption that the universe is spatially isotropic and homogeneous,
Alexander Friedmann in 1922 derived simple dynamics from Einstein’s field equations.
The solution to this dynamics includes gravitational singularity. It is characterised by the
divergence of gravitational and matter field invariants so that there is breakdown of all
the known laws of physics at the singularity. Friedmann’s-type model, called Friedmann-
Lemaıˆtre-Robertson-Walker universe, is commonly used in cosmology and astrophysics.
However, in 1946, Evgeny Lifshitz found that the isotropy is unstable in the evolution
towards the singularity [1]. This important discovery initiated extensive examination of
the dynamics of anisotropic but homogeneous models, that is, Bianchi-type, in particular
the Bianchi IX [2]. The result of these investigations carried out by Belinski, Khalatnikov
and Lifshitz (BKL), led to the conclusion that general relativity includes the generic so-
lution with the singularity [3]. Roughly speaking, by generic solution one means that it
corresponds to non-zero measure subset of all initial data, it is stable against perturbation
of the initial data, and depends on some arbitrary functions of space.
Quite independently, Roger Penrose [4] proved that under some conditions, spacetime
may include incomplete geodesics. They are called singular despite they do not need to
imply that the invariants diverge. This theorem states little about the dynamics of the
gravitational field near the end points of such pathological geodesics.
On the contrary, the BKL assumption states that the terms with temporal derivatives
in the dynamics dominate over the terms with spatial derivatives when approaching the
singularity. Consequently, the points in space decouple and the dynamics becomes effec-
tively the same as of the non-diagonal (general) Bianchi IX universe. The dynamics of
the latter towards the singularity includes infinite number of oscillations of gravitational
field, which lead to a chaotic process that finally approaches, in finite proper time, the
singularity. This violent evolution is called the BKL scenario. The asymptotic form of this
scenario can be well approximated by the following system of equations [5]:
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where a = a(τ), b = b(τ) and c = c(τ) are called the directional scale factors.
Equations (1) and (2) define a highly nonlinear coupled system of equations. By ap-
plying dynamical system analysis to the above evolution, it can be observed that it has
critical points of non-hyperbolic type so that the dynamics cannot be approximated by
linearised equations [6]. The space of the critical points is related to the gravitational sin-
gularity. Numerical simulations of the evolution of the non-diagonal BIX model towards
the singularity confirm the existence of the asymptotic form of the dynamics [7]. The evo-
lution defined by Equations (1) and (2) is different from the commonly known Misner’s
mixmaster dynamics [8] specific to the diagonal (special) Bianchi IX model [9].
The existence of the generic singularity in solutions to Einstein’s equations signals the
existence of the limit of validity of general relativity and means that this classical theory
is incomplete. It is expected that the imposition of quantum rules onto general relativity
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may lead to quantum theory devoid of singularities. Thus, it is tempting to quantise
the dynamics defined by Equations (1)–(2) to determine if one can get regular quantum
dynamics. The first step is rewriting the asymptotic dynamics in terms of the Hamiltonian
system devoid of any dynamical constraint. This leads to the Hamiltonian [6]:
H(q1, q2, p1, p2, t) = −q2 − lnF (q1, q2, p1, p2, t) , (3)
where
F = −e2q1 − eq2−q1 −
1
4
(p21 + p
2
2 + t
2) +
1
2
(p1p2 + p1t+ p2t) > 0 , (4)
and where the canonical variables {q1, q2, p1, p2} and the evolution parameter t are related
to the scale factors {a, b, c}. The singularity of this dynamics turns out to be defined by
the condition:
q1 → −∞, q2 − q1 → −∞, F → 0
+ as t→ 0+. (5)
The Hamiltonian (3) is not of polynomial-type so that canonical quantization cannot be
applied. Since the physical phase space consists of the two half-planes, it can be identified
with the Cartesian product of two affine groups. Thus, quantization can be carried out
using the affine coherent states (ACS) method [10, 11].
Since the Hamiltonian (3) is the generator of the evolution in the physical phase space,
the Hermitian operator corresponding to it can be used to define the Schro¨dinger equa-
tion. For the case (3), the following equation is obtained [10]:
i
∂
∂t
Ψ(t, x1, x2) =
(
i
∂
∂x2
−
i
2x2
−K(t, x1, x2)
)
Ψ(t, x1, x2) , (6)
where K can be expressed in terms of the F function (4) and the parameters specific to
the ACS quantization (units are chosen so that ~ = 1 = c = G). The probability density Ψ
should belong to the Hilbert space L2(R+×R+, dν(x1, x2), where dν(x1, x2) = dx1dx2/x1x2,
and where R+ denotes the set of real positive numbers.
The general solution to Equation (6) reads [10]:
Ψ(t, x1, x2) = η(x1, x2 + t− t0)
√
x2
x2 + t− t0
exp
(
i
∫ t
t0
K(t′, x1, x2 + t− t
′) dt′
)
, (7)
where t ≥ t0 > 0, and where η(x1, x2) = Ψ(t0, x1, x2) is the initial state satisfying the
condition η(x1, x2) = 0 for x2 < tH with tH > 0 being the parameter of this model.
For t < tH one gets [10]:
〈Ψ(t)|Ψ(t)〉 =
∫
∞
0
dx1
x1
∫
∞
tH
dx2
x2
|η(x1, x2)|
2 . (8)
Thus, the inner product is time independent which implies that the quantum evolution
is unitary for t > 0. The Schro¨dinger equation for the time reversal state, describing the
evolution with t < 0, can be solved analytically as well [10]. It has a solution that differs
from (7) only by a phase. One can show that the probability density Ψ(t) is continuous at
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t = 0. It finally means that we are dealing with the quantum bounce at t = 0 that marks
the classical singularity [10]. This result is robust in the sense that it does not depend on
the details of the ACS quantization [11].
Equations (1) and (2) define the best prototype of the BKL scenario [2, 5]. The quantum
version of it presents a unitary evolution. The generic gravitational singularity is avoided
by a quantum bounce. This result strongly suggests that quantum general relativity has a
good chance to be free from singularities so that preliminary versions of it can be applied
to address the issues of cosmological and black hole singularities.
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